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Abstract. Long moving vertical ropes and cables are used in tall slender engineering structures. For
example, in high-rise buildings and towers they are employed as a means of car and counterweight
suspension and for compensation of tensile forces over the traction sheave in traction drive
elevators. An adverse situation arises when the host structure is excited near its fundamental natural
frequency and sways harmonically at low frequencies. This often results in a passage through
resonance conditions in the rope system when the slowly varying natural frequencies of the ropes
approach the frequency of the inertial load resulting from the structure sway. The nature of such a
loading is usually nondeterministic and it is necessary to apply stochastic models to analyze the
dynamic responses of the ropes. In this paper a model to describe the lateral dynamic behaviour of a
vertical moving rope hosted in a tall slender structure is developed. The model takes into account
the fact that the longitudinal elastic stretching of the ropes is coupled with their transverse motions
which results in cubic nonlinear terms. The mathematical model comprises nonstationary nonlinear
ordinary differential equations. Taking into account the fact that the motion of the structure can be
represented as a narrow-band process mean-square equivalent to the harmonic process, equations
for the second- and higher-order joint statistical moments are obtained with the aid of Itd
differential rule. Due to the non-linearities the moment equations form a system of an infinite
hierarchy which needs to be truncated at some level. The technique of cumulant - neglect closure
(CNC) is proposed in order to implement the truncation procedure and to treat the system
numerically.

Introduction

Environmental phenomena such as strong wind conditions and earthquakes cause tall civil
structures such as towers and high-rise buildings to vibrate (sway) at low frequencies and large
amplitudes [1]. When the structure is sufficiently flexible the dynamic response to forces generated
by these phenomena is significant. As a result, the corresponding inertial loads often excite cables
and ropes that are part of equipment hosted within the structure. For example, large resonance
motions of ropes and cables in high-speed elevators in high-rise buildings take place [2].

In order to investigate the passage through resonance in the rope system the excitation
mechanism can be represented by a deterministic function and consequently the response of the
system is treated as a deterministic phenomenon. However, the nature of loading caused by wind is
usually nondeterministic (stochastic). The excitation should then be described by a stochastic
process so that the methods of stochastic dynamics could be employed to predict the dynamic
behaviour of the rope system [3].



In this paper, the results of a study to predict the dynamic response of long ropes moving at
speed within a tall slender host structure are presented. First the deterministic model is developed to
describe the dynamic behavior of the system. Then, taking into account the stochastic nature of the
building motion the nonstationary nonlinear differential equations governing the statistical moments
of the state vector are developed. Due to the cubic nonlinearities these equations form an infinite
hierarchy and the closure technigue is proposed so that they could be solved numerically.

Dynamic Model and Equations of Motion

The model depicted in Fig. 1 is used to study the dynamic response of a vertical rope of time-
varying length L(t). The top end of the rope which has mass per unit length m, Young’s modulus E
and an effective cross-sectional area A, is attached at B to a support moving at speed v within a tall

cantilevered host structure. The host structure sways resulting in motion w, (t) of amplitude Ao at
the level defined by the coordinate zo measured from the base level. The deformations of the
structure are described as AW (z) where W (z) represents the shape function with z denoting a

coordinate measured from the base level. The sway results in an inertial dynamic load acting upon
the rope and its corresponding dynamic response is represented by the lateral displacements
denoted as w(x,t), where x is measured from the origin O placed at distance | below the base level.
The lateral response w(x,t) is coupled with axial (longitudinal) motions of the rope that are denoted
as u(xt).

w (f) Ao

L(0)

Fig. 1 Vertical rope system
The mean quasi-static tension of the rope is expressed as

T'(x)=T,+m(g+a) (1)

where Ty represents a constant tension term, a =\ is the acceleration of the support (an overdot
denotes the time derivative) and g is the acceleration of gravity. The equations governing the



undamped dynamic displacements u(x,t) and w(x,t) of the rope can be developed by applying
Hamilton’s principle which requires that

t
[(oE, —or1,-0511,)dt =0 )
b
where E,, 77, and /7, denote the kinetic energy, the potential elastic energy and the potential
gravitational energy.
The kinetic energy of the rope is given as
E, :EJL.m(ut2 +Wt2)dX (3)
2

0

where ( ); denotes partial derivative with respect to time. The elastic potential energy of the rope is
expressed as

L
17, =17+ [ T+ L EAs | cdx (4)
e e . 2

where 77! is the initial (constant) strain energy and & represents the strain measure due to stretching
of the rope and is given as

1
g=U +-W ®)
2
where ()« denotes partial derivative with respect to x. The gravitational potential energy of the rope
IS expressed as

1, :mgju(x,t)dx (6)

Using equations (3) — (6) in the Hamilton’s formulation (2) yields the equations of motion
describing the longitudinal and lateral displacements over the spatial domain 0<x<L(t) as

follows

2

szg—EA(ux+%wfj ~ma=0 (7)

d*w 1
mF—[TO+m(g+a)x]wxx—m(g+a)wx—EA (ux+§wfij =0 8)

where

2
((jjTg =U, +2VU,, +VU, +au, (©)
d*w 2
F:wtt +2VW,, +V W, +aw, (10)

The displacements and the boundaries x =0, L are defined as



u(0,t) =u(L,y=0 (12)
w(0,t)=0, w(L,t)=w,(t) (12)

In this study only the lower-order lateral modes are considered. Thus, bearing in mind that no
interaction will take place between these lateral modes and the axial (longitudinal) modes, the axial
inertia terms given by equation (9) can be neglected so that equation (7) is re-written as

EA(UX+%WXZJ +ma=0 (13)
which yields

U+ ——@x+e(t) (14)

2 EA

Integrating (14) and using the boundary conditions (11) gives

e(t):m—al'+i Lszdx (15)
2EA 2L

Combining equations (14), (15) and using them together with equation (10) in the equation of
lateral motions (8) yields

mw, —{TO + m(%aL—v2 + ng+%_|.;wfdx}wxx +m(a—g)w, +2mw, =0 (16)

In order to accommaodate the excitation due to the structure sway in the equation of motion (16) the
overall lateral displacement of the rope is expressed as

W(x,t):v_v(x,t)+ﬁt)wL (1), 0<x<L(t) (17)
Noting that the lateral displacement at x = L can be expressed as w, (t) =¥ w,(t), where

¥, =¥(L-I), the transformation (17) is given as

X
L(t)
In this analysis the deformation shape function ¥(z) is assumed to be related to the fundamental
mode of the structure and is approximated by a cubic polynomial as follows

ro-{] ()

so that

v, =3 L"(t—)_lj -2 (MT (20)

Zy Zy

W(x,t) =W(x,t)+ ¥, W, (t), 0<x<L(t) (18)

Using transformation (18) in equation (16) results in the following



- EA(L1ct o ¥ e ¢ —
mw, —{T +m(gx—v2)+T(E_[o Wde+TLIo deXJfZ—IEWo2 (t)ﬂwxx

m(a—g)W, +2mvw, = f,(xt)

(21)

where T (L(t)) =T, +%maL (t) and f;(x,t) represents excitation due to the structure sway given

as

£,(xt)=m L?E;)[(g—a)wo (t) - 20 (1) — (1) (22)

The dynamic response of the rope is then approximated by the following expansion
N
W(x,t) = @, (x)q, () (23)
n=1

where @ (X; L(t)) :sinLnTz)x, n=12,...,N, are the natural vibration modes of the corresponding
taut string of length L = L(t) with tension T(L(t)), and gn(t) represent the modal coordinates. By
substituting series (23) into the equation of motion (21), integrating over the domain 0< x < L(t)

with the mode shape functions @ (x; L(t)) acting as the weighting functions, after orthogonalising

with respect to the natural modes, the following system of ordinary differential equations describing
the dynamic behaviour of the rope is obtained

@+2§rwr0f$‘+/1{ v sonw [ ”qr+szqn+zcmeﬁ«+(—cj 36 -0, ()24

where modal damping represented by the damping ratios g“ (r =1,2,...,N) has been added, o, are

the undamped natural frequencies of the rope, T = ,/ and c= / represent the lateral
m

wave speed and the longitudinal wave speed, respectively, A, :Ti) and the coefficients K,

C,,and the modal excitation function Q; are given as

r'z’ n=r

K, (t)=-2% )
; L(t) (3_1] znr + 2rn’ . [(—1)””—1], n#r

g /Jn°-r (nz—rz)

0, n=r (25)
C (11)2i nr
" L(t) nz_rz[(—l)””—l] n#r
2¥,



where r,n=12,...,N . Equations (24) have time-varying coefficients and include cubic geometric
nonlinearities arising due to the effect of rope stretching. It is evident that the host structure motion
results in modal external excitation terms and also appears in the stiffness terms as parametric
excitation.

An adverse situation arises when the structure is excited near its fundamental natural frequency.
This in turn leads to a passage through resonance in the rope system when one of its time-varying
natural frequencies approaches that of the inertial load resulting from the resonance sway.

In this study the dynamic deformation w (t) is assumed to be related to the fundamental mode

of the structure of frequency (2,. The behavior of the system within the resonance region can then
be investigated using an approximated single-mode model obtained from equation (24) as follows

22 2 1 122W0(t)2 C243_
&+ 25 0+ 17| T -V +EgL(t)+EC *I’L( L(t)] qr+(§j 209; =Q, (t) (26)

where g denotes the generalized coordinate corresponding to the resonance mode. Equation (26) is
used in the stochastic analysis to follow.

Narrow-Band Stochastic Model

Motion w, (t) is assumed to have a narrow banded time variation with the centre frequency 2.

Thus, w,(t) is a narrow-band process mean-square equivalent to the harmonic process with the
amplitude Ao and the frequency Q. It should be noted that the functionw, (t) together with its first
and second derivativesvi, (t) and v, (t) must be continuous [4]. This scenario is adequately
idealized by assuming that the motion w, (t) is the response of the second order auxiliary filter to

the process X(t), which in turn is the response of the first-order filter to the Gaussian white noise
excitation £(t) as illustrated in Figure 2. The governing equations are

w, (7)

——

£(1) . X (1) ;

2 _ 3
- +2¢ Qi+ 0

io+a

Figure 2. Narrow-band process scenario.
Wy () + 28 Qo (1) + Q0w (t) = X (t)
X (t)+aX (t)=ay27S,&(t)

where ¢, denotes the damping ratio of the filter which defines its band width, « is the filter variable, S is

(27)

the constant level of the power spectrum of white noise f(t). Precisely speaking, the response X(t) to the
Gaussian white noise excitation f(t) is a process which is not differentiable in the usual sense, hence the

notation X (t) is not mathematically meaningful. The second equation in (27) has a clear mathematical

sense when it is written in terms of the differential. Accordingly, the governing equations for both filters are
written down in a state space form as

X -a 0 0 X o275,

dw,|=|0 0 1 w, |dt + 0 |dw(t) (28)
Vi, 1 -0 -2£.Q, || W, 0



where dW(t) is the increment of the Wiener process W(t) and the Gaussian white noise excitation (f(t) is the

generalized (not in usual sense) derivative of the Wiener process.
It is evident from the last expression in equation (25) that the excitation function Q, (t) can be

expressed in terms of the motionw, (t) and its time derivatives as

Q (t) = ﬂr(l)wo (t) + :Br(Z)Wo (t) + ﬂr(S)Wo (t) (29)

Using equation (27) the second derivative of w, (t) can be expressed as

W, (t): X(t)_Q(Z)Wo (t)_2§fQoW0 (t) (30)
so that equation (29) can be rewritten as
Q: ()= 7wy () + 77 (1) + B X (1) (31)
where
y® = pO — 2 ¥

(2) _ﬂ(Z) 24’ Q ,3(3) (32)

The state vector defined as

=[a.(t) 4 (1) X(1) w(t) vig(t)] (33)

is then governed by the following set of stochastic equations

dY (t)=c(Y(t))dt+bdw (t) (34)
where
_ 0 -
oY
_qur _Zé/rqur _(Ej ﬂ’r‘lqrs +7/r1)W +7/(2)W +ﬁ(3)x
C(Y) = _aX (35)
W
L X _Q(Z)Wo _2§fQoWo |

:
b= [o 0 a27S, 0 0] (36)
represent the drift vector and the diffusion vector, respectively, where
L iona Lo [ WY
K, =2 62—v2+EgL(t)+Ec2¥’f (O—J ] (37)

The elements of the drift vector (35) include polynomial non-linearity of a cubic form. It can be
noted that if the non-linear term is neglected equations (34) assume the following linear form

dY (t) =AY (t)dt+bdw (t) (38)



where

[0 1 0 O 0
K. —2lw BP0 7@
A= 0 0 —a 0 0 (39)
0 0 0 O 1
|0 0 1 -0 -24,Q, ]

In the general case of polynomial non-linearity of a cubic form it is convenient to express the
elements of the drift vector (35) as

Ci (Y) = eimYm + fimnYmYn + giman Y Y (40)

m'n'p

Equations for the mean values  (t)=E[Y;(t)], i=12,...,5, of the state variables Y, (t) are then
given as

%M(t)=E[ci(Y(t))], i=12,...,5 (41)

With the mean values expressed by (41) the following equations for the centralized (zero-mean)
state variables given as Y (t) =Y, (t)— (t), i=12,...,5, result

dY®(t)=c(Y(t))dt+bdw (t) (42)
where

(Y (t).t)=c(Y(1)-E[c(Y(1))] (43)

represents the centralized drift vector.
Taking into account (40) the centralized drift vector (43) can be expressed as

¢! (Y,t)=A+B, Yy +CoYaY, + Dy YoY Y, (44)
where
A == fimnK‘mn - gimnmenp _3gimnmen/up

Bin = € + 2 Fin iy + 3G imnp A4,y
Cimn = fimn +3gimnp:up
Dimnp = Gimnp
Due to the presence of cubic non-linear terms the set of equations (41) for mean values is not

closed. It involves unknown second- and third-order joint centralized statistical moments of the
state variables and are given as

(45)

d

a/’li (t) = €y + fimn:umlun + gimnp/umlun/up o A (46)
Equations for the second- and higher-order joint statistical moments are obtained with the aid of 1t0
differential rule. Due to the polynomial non-linearities the moment equations form an infinite
hierarchy [5]. In general, if the non-linear terms involve r™ order polynomials the equations for
moments up to ™ order involve the moments of orders up to n-1+r. In particular, in the case under



consideration the equations for second- and third-order moments involve fourth- and fifth-order
moments and equation for fourth-order moments include sixth-order moments as follows

%Kij (t) - Z{Bimej }s + 2{Cimn’(mnj}s + Z{DimnPKm”Pi }s +{bibi}s (47)
%Kijk (t) = 3{AKjk}s +3{Bimeik}s +3{Cim"Km”ik}s +3{D‘m”me”pjk}s (48)
%Kijkl (t)= 4{AKJ|<| }5 * 4{ B\ K }s + 4{CimnKmnikl }s * 4{ Do K }s * G{b‘ijk'} (49)

The moment hierarchy needs to be truncated at some level in order to solve equations (46-49). The
technique of cumulant - neglect closure (CNC) can be applied in order to implement the truncation
procedure [6]. If the equation set is to be truncated at the fourth-order moment level, all fifth- and
sixth-order moments must be expressed in terms of lower-order moments. The CNC
approximations for the fifth- and sixth-order moments are expressed as

Kijim (t) =10 {Kij (t) Kim (t )}5 (50)

Kijamn (1) =15{;<”. (1) K (t)}s +10{Kijk (t) K (t)}s —30{1(” ()& (V) K (t)}s (51)

The non-linear nonstationary stochastic problem (46-49) has no closed-form exact solution. An
approximate solution can be obtained numerically by using the CNC technique. However, one has to keep in
mind that it would be difficult to assess the convergence of approximate solutions without conducting direct
numerical simulation (such as Monte Carlo simulation). The first approximation to the exact solution could
be sought by considering the linear form (38). The mean values of the state variables are then equal to zero
and the differential equations governing the second-order statistical moments of the state vector, i.e. the

covariance matrix with elements expressed as x;; = E [Yi (1)Y, (t)] , are given as

a5 bb i, j=12..5
(], #0112 o

where {}S denotes the symmetrization operation defined as

i(Amej + Ajmei )

2{Anicy . =20 > (53)

The lateral displacements are approximated asw(x,t)=®,(x)q,(t) so that the expectation of the

displacements is given as E[ W(x,t)|=E[q, (t)]®, (x). The variance of the lateral displacement can
then be determined as

on (X ) =E[ W (xt) |=x, () D} () (54)

Numerical Results

A linear approximate solution is obtained for a system with 8 ropes of mass per unit length m = 2.11 kg/m
each. In this case the upper support is moving upwards at a speed of 8 m/s. The numerical tests are conducted
for system ascending with the acceleration/ deceleration rate of a = 1.2 m/s? (jerk 2.4 m/s®) from the lowest
landing upwards to the highest level. The kinematic time profile plots are shown in Figure 3.
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Figure 3. Speed, acceleration/ deceleration and jerk time profiles.

The travel height is H = 390 m and the host structure is subjected to a sway of frequency 0.1 Hz and
amplitude Aq = 0.762 m measured at z, = 402.75m above the ground floor.

—— =

Frequency Hz
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Figure 4. The variation of the fundamental natural frequency (blue curve) together with the frequency of
the sway (red line).

The plots shown in Figure 4 demonstrate that the frequency of the structure coincides with the first
(fundamental) frequency of the ropes within the time range of about 20 - 21 s.

An explicit Runge-Kutta (4,5) formula is used to integrate the differential equations (26) and (52) with
the damping ratio for the ropes assumed as ¢, =0.3% and the damping ratio of the filter is taken as

¢ =0.1%. The filter variable « is determined as [4]

a:Qo{_§f+\/§fz+ J

where the constant level of the power spectrum of white noise is assumed as one.
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Figure 5. The deterministic dynamic displacements W[E,tj (red dotted line) and standard deviation (blue

L
solid line) of the displacements o, (Et] vs. time.

N o - _(L
The plots shown in Figure 5 represent the deterministic dynamic displacements W(E’tj (red dotted curve)
corresponding to motion wy(t) treated as harmonic process of frequency (2, and the standard deviation of the
. L . . . . .
displacements o, (Etj (blue line) determined using the scenario that w, (t) has a narrow banded time

variation with the centre frequency (2;. The deterministic curve demonstrates that a passage through the

fundamental resonance takes place and is sustained during the travel. The stochastic solution represented by
the standard deviation shows the statistical scatter of the response.

Conclusions

The equations of motion of a vertical rope moving at speed within a tall host structure derived in this paper
accommodate the nonlinear effects of rope stretching. This model is used to determine the response of the
system under the load due to the sway of the host structure. The loading conditions are represented by a
narrow-banded stochastic process. The demand is that the function representing the motion of the structure is
twice differentiable and the time derivatives are continuous. Thus, its stochastic variation is represented by
filtering the Gaussian white noise through a first-order filter followed by filtering through a second-order
filter. Due to the nonlinear effects equations for the second- and higher-order joint statistical moments,
obtained with the aid of 1t6 differential rule, form an infinite hierarchy. In order to truncate the hierarchy of
moment equations various closure techniques can be applied. However, the convergence of closure
approximations is difficult to assess and the first approximation to the solution is determined by considering
a linearized stochastic model. The linear approximation then leads the determination of covariance matrix
with its elements showing the statistical scatter of the response of the system.
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